Abstract. We present certain new properties about the intersection numbers on moduli spaces of curves M g,n . In particular we prove a new identity, which together with a conjectural identity implies the famous Faber's conjecture about certain values of intersection numbers [1] . These new identities are much simpler than Faber's identity and clarified the mysterious constant in Faber's conjecture.
Two new identities of intersection numbers
We denote by M g,n the moduli space of stable n-pointed genus g complex algebraic curves. We have the forgetting the last marked point morphism
We denote by σ 1 , . . . , σ n the canonical sections of π, and by D 1 , . . . , D n the corresponding divisors in M g,n+1 . We let ω π be the relative dualizing sheaf and set
Where E is the Hodge bundle. We adopt Witten's notation,
The famous Faber's conjecture [1] is the following identity
Faber's conjecture can also be equivalently written as the following identity
Faber's conjecture can be derived from the degree 0 Virasoro conjecture for P 2 , see [6] . Givental has announced a proof of Virasoro conjecture for P n , but the details have not yet appeared. Y.P. Lee and R. Pandharipande are writing a book supplying the details. Recently the authors of [9] announced a proof of Faber's conjecture for up to 3 points.
In this paper we announce the following identity of intersection numbers which clarifies the mysterious constant on the left hand side of Faber's conjecture.
the following identity holds
Note that the left hand side of (1) is just the second sum in Faber's conjecture. While the constant at the right hand side of (1) is just the constant in Faber's conjecture.
When n = 1, identity (1) becomes
which has been proved in [1] [4] . So Faber's conjecture is equivalent to the following simpler identity:
Now we outline the strategy of proof of Theorem 1.1. Definition 1.3. We call the following generating function
which is called the n-point function.
Then the left hand side of identity (1) in Theorem 1.1 is just the coefficient of y
in the special (n + 2)-point function
For any monomial
we can derive from Witten's KdV equation the following coefficient equation (see [4] ),
where the summation is over factorizations
For T = τ b τ c and n = a, this gives
Consider now the three-point function F (x, y, z) = a,b,c≥0 x a y b z c . The above Equation (5) is equivalent to the following differential equation,
In particular, 2-point function has a simple explicit form due to Dijkgraaf,
Don Zagier also obtained 3-point function which we learned from Faber [2] ,
r!S r (x, y, z)
where S r (x, y, z) is the homogeneous symmetric polynomial defined by
Some rather tedious and complicated calculations of the above differential equation for the special (n + 2)-point function (3) with the help of a computer allow us to get some information of the coefficients of the special (n + 2)-point function (3), which is enough to derive identity (1).
We also made extensive studies of denominators of intersection numbers, which provided us with strong inspiration and will be discussed in the next section.
We have checked the identity (2) of conjecture 1.2 to be true for all g ≤ 18 by computer.
Denominators of intersection numbers
Let denom(r) denote the denominator of a rational number r in reduced form (coprime numerator and denominator, positive denominator). We define
where lcm denotes least common multiple.
We proved in our previous paper [8] that D g,n | D g and D g,n = D g for n ≥ 3g − 3. Now we give the following rather surprising conjecture which gives the precise values of D g . Conjecture 2.1. Let p denotes a prime number and n is an integer, g ≥ 2. Let o(p, n) denotes the maximum integer such that
⌋, for p ≥ 5, where ⌊x⌋ denotes the maximum integer that is not larger than x.
We order all τ -functions of given genus g by the following lexicographical rule,
. . τ km g if n < m or n = m and there exists some i, such that d j = k j for j < i and d i < k i .
If 5 ≤ p ≤ 2g + 1 is a prime number, then the smallest τ -function of genus g in the above lexicographical order that satisfies
Some particular cases of conjecture 2.1 have been proved in [8] . We have checked conjecture 2.1 to be true for g ≤ 18 by computer.
The well-behavior of denominators of τ -functions guided us to make various assumptions in the study of n-point functions.
The following corollary of conjecture 2.1 improves the theorem 2.3 in [8] .
A conjectural numerical property of Hodge integrals
We proposed the following conjecture in [8] , Conjecture 3.1. Let f (λ) be a monomial of the form λ
Namely the more evenly 3g − 3 + n be distributed among indices, the larger the value of Hodge integrals. We believe that such multinomial-type phenomenon for Hodge integrals is a deep property for moduli spaces of curves.
From the argument of Proposition 5.1 of [8] , we can see that for each g, it's enough to check only those Hodge integrals with
We have checked the conjecture 3.1 in various conditions of f (λ). For f (λ) = 1, namely in the τ -function case, we have checked conjecture 3.1 to be true for g ≤ 18. Moreover, for n = 2, we have checked all g ≤ 500 (using the 2-point function); for n = 3, we have checked all g ≤ 100 (using Zagier's formula of the 3-point function).
For f (λ) = λ g , we have the following well-known λ g theorem proved by Faber and Pandharipande [3] , For f (λ) = λ g−1 , there is a closed formula for Hodge integral with λ g−1 class in [7] , we have checked the case of two-point Hodge integral for g ≤ 100.
For f (λ) = λ i where 1 ≤ i ≤ g, there is a closed formula in the case of two-point Hodge integral conjectured in [10] and proved in [11] , by which we have checked some cases of conjecture 3.1.
